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Vibration-Rotation Interaction Effects in Calculated Franck-Condon Factors.
I. The Ionization of H? and D2*
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(Received 11 }lay 1968)

ComJruted lrranck-.Condon lactors for the ioniz.alion of !I: and I): are reported n'hich inclutle lrreviousll'
neglected vibration-rotation interaction efiects. I'iigenfunctions were obtained by direct solution of the
Schrodinger equation in which the eract centrifugal potential is explicitly included. Only rr":0 antl stnall
K'l statcs of the ncutral rrolecule have been consiclered and attention is confined to tho-qe transitic,ns ior
which l1{"--iT l-0, 2. 'l'he resuits shorv a clear depenclence of the computerl Iiranck-Conclon factor on
rotational quantum number. For K":.K, this effect is smsll escept for transitions to tlte uppcrtnost vibra-
tional states of the ion. For I tr " - .K I : 2, thc eflect is substan tial even fo r transitions to lorv- lf ing vil:ra tional
states of the ion. lly using a sum rule, it is shorvn that the probability oI dissociative ionization exhibits a

simihr depentlence on rotatioual state. Comparison rtf the prc'scnt results for the case.K".-X:0 with
previous comprutation sirows that adiabatic corrections for nuclear motion, explicitly includcd in this ri'ork,
have a rvhc.rlly negligible in{luence on computed lrranck-Condon factors

INTRODUCTION

It has been the corrrrrron practice to ignore vibration.-
rotation interaction effects in the calculation of Franck-
Condon factors appropriate to electronic transitions in
nroiecules.r The assumption that such efrects are small
is based on the simple physical idea that the rigi,l-
rotat.or approxinration adequately describes the rnain
effect of the centrifugal potcntial, a shift of the potential
energl b;' an aclclitive constarlt.2 Learuer and Gaydon
$'ere tlre lirst to c\plicitlv sliorv thc error res\llting
fr,,rn ne,,l-i r r,f the ccnirifrroal distnrtion rrf tlte noten--^ "'- r"--"
tial cr.rn'e in anah'zin1 1he spectrttm of OH.3 ][ore
recentl-\'. Leirrner hzrs e,ttenrle<l these calculations for
( )lI rrrir,,' :rrrnrr,r'irrrrlr, cirrenfrrnctirrni ,,i tlte rolrtin-
IIor:e osciliritor and obtained rln apprcciable influence
of thc vibration-r'otation interaction.a Sinrilar eflects
havc also been repolted irr c,rrnpr.itations for the l{bH
nlolrcule.s Such departures frou the rigid-rotator
appr()\inrrtion nright be e-rpected to be particuiarlv
largr: for band systerls of the LI: molecule owing to the
snall reducecl rnass of this nrolecrlle. [n a reccnt com-
nrurication, r",e reported sonle c-\tlemel,v largc vibra-
tiorL rotati<in interaction effects in calculated Franck-
Conrlon factors for a nrrn-rber of bands oI the IIr Lr-tnan
svsLem.6

It i: the pirrpose of this pxlrer to report conrputations
of I"ranck'-Condon fiicl.ors for the ionization of IIr and
D2 uhich e.\plicitl,v include the efiects of the eract
centrifugal potentiarl. Ilrevious calculations have been
-'.'.--.--* \\'ork supported in part b1' a grant fron: the \ational Science
I:'oundation ancl in part by the ;\dvanced Itesearch Projects
Agenc)'.

I Sr:e, for crample, G. Herzberg, lI ole.cular S lectra arul 1I olecuLar
SlrtLtlure I, Spectra o.f Dialonic lloLearles (D. Van Nostrand Co.,
Inc., \eri'York, 1950),2n<l ecl., Vol. 1, p.203.

'?G. Il. Gibson, O. K. l{ice, and N. S. Bal'liss, Phvs. Rer'. 44,
193 ( 193.3) .

3 R. C. \I. Learuer and A. G. Gaydon, Nature 183,2-12 (1959).
1R. C. ],I. Learner, Proc. Ro1'. Soc. (London) 4269, 311

( 196?.\ .
6 I). C. Jain and Ii. C. Sahni, Proc. Ph;'s. Soc. (London) 88,

.le5 ( 1966).

based on potential curves ilppropriate to ltollrotatlllq
mole cules.T - r0 These f actors are also of inte rest in
connection rvith recent e\perimental str.rciies of villronic
structure in LI'.r ancl D: ionization.tt-'ta

METHOD

The raclial eqliation for nut:letrr nx)tion in the cir"sc

of H.'f has been discussed elsewherer{ and is

- (,f6,,,,/dR ) + l(I[ piII ")U+ (.uI "/2Jl")][8" 
(R)

+R '-E.ol*[K({*1).,'If]f goo(R) ld,r:0. (1)

rvhere the eiectronic energy l'-"(R) and the nttclear
repulsion energv 1/.R are supplenrente<l bv the diagoni,l
correction for nuclear nioti()n Boo(R) and by' the ccntri:-
ugal energ-\'. The <lepenclencc of the eigcnvalr.ies 1j.;,
anrl rrirrenfirnctions ri.... on both vibrational and roti!-r!!!vr., Yr{

tional qrrantunl nunlbers has been e\plicitl]' indicated.
l3-r' including the diagonal corrections for the rltlclear
motion, the present work is carried out in the adiabatic
approximation irs distinct from the clamped nucler.rs
(Born--Oppenheimer) approliimation r.lsed [-1, pret'iot.s
authors.H0 Values of E.(R) and of the e.sact diag<.rnal

correction term goo(11) were ol)tained from the tables
of Ilrrnter el a1.15 A previor.ls conlputa'lion of the eigen-
values of I'lq. (1) included goo(R) r'alues based on
approximate electronic eigenfunctions of II"+.la Solutions
of Eq. (1) for D:+ rvere obtaine<i b-v replacing 11o rvith
-l,l n.

fhe erluation appropriate to I{: hiis been fulll' dis

7trl. li. Wacks, J. l{es. Natl. Bur. Std. A68,631 (i964).
E IvL llalmann and I. Laulicht, J. Chem. Phys.43, f .i03 (1965).
e G. II. Dunn, J. Chem. I'hys. t14, 2592 (1966).
r0 S. ltothenberg and E. R. Davidson, J. tr'Iol. Spectr-t.22, 1

( 1e6i).
It I). \\r.'I'urner and D. P. I,Iay, J. Chem. I'}hys.45,471 (1966).
t'?J. W. \IcGorvan, 11. A. Fineman, l'1. I{. Clarke, and H. P.

Ilanson, Phys. Rev. 167, 52 (1968). 'lhis paper reviervs both
pboton impact and electron impact studies of IIr ionization.

13 D. Villarejo, J. Chem. Phys.48, 4014 (1968).
tr [I. Wind, J. Chem. Ph1's.43, 2956 (1965). \\'e use essenlialh.

the sxme notation as \\'ind.
d D'. Vill,rejo, lt. Stockbrruer, and \I. (]. lnghram, Chem. }hys. r5 (1. ]Iunter, B. F. Gral', aad [I. O. Pritchard, J. C]rem. Phrs,

l.etlers 2, 11 (1968). 45,3806 (1966).
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T,rlr.e I. I{ange of integration anrl steli lengtL.

Ri

I'lr* t' ,= 0-9 0.35 a.u. 10.00 a.u 0.005 a.u
10-13 0..1.5 20.00 0.010
19 0.35 -1._<.00 0.015

L.\REJO

ortho pali! conversion itr optically allor,ved transitionl;.2r
.{lso shori'n in the tables xre vallLes of g(r,.0; 0.0)
calcLllated bl sonte other arithors. Tirere is an zrppr.eci_
iible vaLilition of the conlputed q's n ith rotational
quantilnl nr-Lnlber. This variation is onh' negligible 1,or
tlrosc transitions rvith I{".-K, blrt er.en in this cl,se
becon.ies signilrcant for tri,nsitions inr.olving the lergrtst
r'' r'alues. It. shoLrlcl lte notccl tlra1. clilTcrences bet*.een
cak:,ll:rted Iillncli (--ondon factors for transitions rvith
, K " - I{ t, :'2 and those t:alculltted f ur t hc ci.se
i Ii"'- Ii I 

: 0 a.,, a;rprec:iable evcn for r'' - 0. Al:;cr,
the efrect is larger in lI: ionization than for f)., ionization.

Rothenberg and I)avidson's r.altLcs of q(r,, 0; 0. 0)
for FI.: icnization shoii'n in'I'ablc lI are basecl on the
clanrpecl nLrclerrs ( Ii oln Oppenhr-'irr,er ) altprrtxinratior,.rc
f'hat is. the onll dilTcrerice betrvt:en potential cur\.cs
used irv tltertr anrl the curr.es tLsecl in the present l.ork
is oL:r- inclusiolt of tht- snuill cliagonltl corr-er:tions lor
nricletiL r.notion (adiabrLtic lLp;l.oxinta"tion). lfhe t.cr.r.
cl,;sg ilglgsnlent l-retn een the 1.lvo sets of tesrilts Ior
r'rr'i'.0; 0.0) shou's thut. for this case, tlic inchision of
the nuclear nrotion corlecti(ins has ii ri'hoil1. negligible
inllrrence on the calcullrcrl I'rer,clt- Concl,rn factors.

[)r.lnn hns caicri]ttecl t7(t,', 0; 0. 0) for I)1 ionizaliu
ris ri-ell as f or llr iot.rizltion ulring I r Lroditied llorse
poielitiirl foi' the groLlr)(l stlite of thc neutral and the
clar-npecl nr:clcLrs porcnti:rl for thc ion.e llis resuit,s,
shot'n in 'l.ablc IiI. ciilTer slightl,r- f ron the resu lts
pre,.enterl in iLis ptper. 'Iirr: rlagnilrL<le of these dif-
felelces is rrtrighh' the saute ls flrr the cor-nparison of
]ii,r rrs,,tlts rvith tht: t$'o sets of r.r:sr.Llts for H.: i6ruizutir_,n.
It is likel-r' rhrrt this disirreplnc.,- nur..,. be lLttr.ibr,rtecl tcr
the slight diiterences itr poti,ntirLl cLlr\-cs usctl in the
tii'o calcullLl iciiis.

IJl srininrinr the y(i'. 1i:0. 1i") or.cr itil di,si:rtte
slillc3 i/ for 1i.ret1 (1i. 1{") pair-.. one crrn obtrLir.i irrdire ct
inioi-nretior.r alior.il rirc pic,babilit,r- ol clis-rociativc
ionizrLtion. fl'his latler ilr,irLittit-r' ciLn be obtainecl rrsi rg
tlie siir-rt r,.ilc

(3)

\\-here the rarrqe of iutcgration over thc I'ranck-Crincl,rn
clcnsitr- in the r:oriiiruunr p(/:') c\t(rnds up\\-irr.d fronr
the ic,n clissocirLLion lirtit. L se c,f the indicated sunt in
Jrq. (i) the'n ltcnlits a cletelntination,rf ihe value of tre
integrnl ir.r this e\pr:ession. RestLlts fi_rr tire r,ariclrs
(1{", /i) pairs are indicated in 'labk: I\'. Once agiLin,
the tlirnsitions l'ith Ii" : Ii shou- onlv a srlall \-ariation
of dissocirtile ionizatirrn pr.obirbiiir.i- l.ith K,, b.rt
\-alues f oi 1i"- -{i :2 ,:littcr. appreciabl-r'. .\iso. the
cllrct is gfexiest fol lI.,. Cor,ipiir.ine the resull_c for.the
cu,.e 1i"--li:0 ir'ith thosc oirteinccl b_r-prer.iou_s rr,.r-

:rThis restiiction on rotational tluanium numbers in the tran_
.irion rra:1'rc,r'i,,uslr srLgg.rsted in con:ectiun u.ith clcctrurt irli,act
i,. r,rzn_tiun oi FIl: 'ce J. \\'. .\[c(]or.an and Jl. .\. Fineman, l,h1,s.
I{ev. Lctters 15, 179 (19(15). l:or photoionization, .{,,:A'loukl
alpcir to i o m,)st prolral,le

^1 IiRo

I)L* ',' ,= 0-9 0 . 35
10-le 0.3.i
20-15 0.35
26 0. 3.;

10. c)0 0. 00.5
1.; . 00 rt. uo._i

3i).0i) 0. t)10
l.; . 0(i Lr . 01:

1--, -: = 
.--:_-_-::::::: -- - --: - * :::

cusseci b_r'\\'ohtiervicz.rG \\'e hin'e usecl the cialtpeLl
nrLclcus poten tial crLlcr-,lat ecl br. K.olos and \\.ol ni en,ir,-.2;;
llrld t.l're tliaqgnal col'recLiolts for nlclear ltrotiult _rcpiL-
nLtcll caicrLluted bv the sante :Llltit()f s.ii Soiriiion_. Ior
I)1 rr'erc obtained b1' scaline the trr.lclear. ntoti()n c.)irec-
tiorrs in accrrrd,rnce '*'itl-r the pl.otor.,(ieitleron ruL-ss
fatio. In all of the present n'r;rk, ri-c have il'-.erl ,I[, ,t,1 ,-:
18i6.09.

l'ligenfLrnctions f()r the st:t1.cs ol thc molcculur ir:r-r
(--{",r,' anC for the statcs oi Lhe nculr.al nrolecrilc e,,,;,, ,

s't re obtainerl l.rl solLrtion of thc reler':rnt eqLtiLri(ril
usuig ii nunierical techniqirc origiuLll,r' clci-eloperi irr
('c,olcr'.le Zare nrodiliecl Cooler''s pr.oceclr-:r.e ior i:se iu ..
computer progrant f,lr tlte ciLlcullLtion c,f j:'rancl.,-
Condon fllctors.20'fhe progL'arrr rr'e ha.r'e r.rsed is lta_.tcl on
sinrple ertensions of Zur.e's idel_.. I:1.:rncli.C'onclcirr
fiLi:lols u'ere calcr-ilated froil these ciqcnfLrnr..tions
rrr'cot'tJin.l trr lhe cspIessiutr

f]io :
g(r,', 1i; .,',,,l',): / d,,u,(rt)d,,,,,,,',(.R)lR , (.1)

JR;,

tr-he le the inuer and outcr liltlits of iritegriLtiori. Ii; anc1

Rs, r'esper:tivell', are cl'Losen to bc c:onsister-rt n'ith the
clesircd accunrc-\'of the lcsLilt.. In the pt.esent l'or1r.
rr:sults are reporte(l for r,":0 and rLll t,. -IiLblc I -.hol,s
a srinrntaiv of thc values of Rr,, R;. itncl ,.rf thc intc:rii.
lion step length AR rrsed in Lhe present n'oik.

RESULTS

'I'he principrLl r-cstrlts of this calculation ar.e presentcd
in l'ables II and III n.hich shorv thc r.iihLe-. of t1(t,,,I{;
(1. li") fol the ionization of H.: ancl Dl, rcspecrir.eh,.
Onlr tiro-se transilions i,rre consirlereri f or. u.iricit
I; K" l= 0, 2 in lcr:or-dtnce ',i.ith the prr.rhiLition oi

)-','/,,'

f i. \_\ ulnieq ir:2. J. ( hcnr. Phr.s. 45, 5lS / 1966..r: \\'. Kllosan,l L. \\'olnieu.icz,.f . ('hcnt. l,lrls.43,l+:o .19(-,.. .
16 \\'. Kolos and L. \\'olnie$.icz, j CheD. phr s al j J663 ( 1961).

Sin.-,. this rrork inclutles nucleal n)oti(,n c,,rr.,ctions for interriLr-
clcar se1ra111i6ns in thc rang. 0.6 a.u. -( R ^<.,i. i 1.u.. u.hile Rrf . I l
clvrrs \-irlues ol the.clarilp(..1_rIUclruS potential in tlrt ran;u 0..1
:1.u..1 fi-( 1f).0 a.u., it rvas rtcccssarl. trr usc lnalr ric cur.." il. tu
ol tr rr c,6'R) r'alur:s for the fu11 range of R. 1.,,r rhe rcgiun .i.i
a.u.<<R\<10.0 a.u., a fit of the form .q,r6111) :.-1l/i" lras a-csunrecl.
Il,l' fitLinS this r>:prcssion^ to the r.aluis ai ,j.6'and J.i a,u., ont
ur,Ia:ns rr:+.o:-]j .l:1.0r:.0XlC[ cnr-'r. \ote rL_ar ,,ur usa::e o;
.,!./-A')-L-orr_rsp.:)ntls t,r -\D.,u"r as usecl by Kolos 1ni1 \\'6lnieri.icz,

'!.[. \\', ('oole1'. ][arh. (-ompurarion i5, .l/,.1 i961..j I.i.. .\-. Zarc, t-('RL-10915,-1S6J.



ITRr\NC K_CON I)ON I;.,\CTORS. I

I'err.r II. I'ranck-Condon factors in hr.jrogen iorrization, q(z', K;0, K,,)

i" K" n:0

2525

Ref. 1t)
(r.,.0)

0.09076
0. 0823 1

0. 09038
0.07907

0. 07593

0. 15986
0. 1-19(r

0. 159.1

0. 1 7380
016i.1

0. 1 i3.1
0.1616

0.161i

0.152{l
0.1507

0, l 523
0.149i

0. 1.186

0.1193-1
t).120s

() 11q.1

0. 08765
0. 090i0

0 08777
0.09179

0. t)92 79

0. 06566

0. 061.1.3
0. 06699

0. 0682 7

0.(X.i.l(r
0. 0.1662

0. 0-{3.r9

0, 0.1(n)2
0. 03281

0. 0:101.1

0. 0207E
0. 02.iOE

0. 020Es
0.02401

0 02500

10 0.01.ft5
0. 0l 6l;

0.0115.3

0.01010
0.01i51

0. 01016
0. 012 13

0.01273

n rntrn12

r.)

0.00E18

0. 00; 1 .5

0.0086.1
0.0ff11

0. 00.500
0. 005E I

0. 0050.3

0. 00350
0. m-{08

0. 00.3.51
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T.,rBrEII. (.Confinued)

1" 1(r r:0 1
Ref. l0I 5 (,f :0)

15 0
I
2

3

0. 00239

0.00216

0 0.0015+
I ...
2 0.00139
3 .,.
0 0.0008.1
I ...
2 0.00075
.3 ...

t). 002.39

0.00202

0.00153

o ooius

0. 000n3

o. oooos

0. 00263

0. 00239

0. 00168

0.00152

0. 00089

0.00081

0, 00023

0. 00020

a

0.00279

0. 00238

0.00240

0. 00295
(). 00309

0.00154
It)

0.00178

0 . 001.s0
0.00184

0.00190

0. 0006.1
0. 00091

0. 000i i
0.00090

0. 0008{

0.00025
0
1

2
3

0

1

2
3

r9

0. 00025
0. 0002.1

0. 00023
0. 00020

0. 00001 5

0. 00018

0.00016 :.:
Not

calculated
0. 000010

0.000013 a
0. 000008

fact that \\'ind u,sed an appro\imate diagonal correction
fruction C*(R). Oomparison of this approxirnate er-
pression. originallr.' contprrtcd b-r- Cohcn 

'el 
al.,:t g,ith the

e\act vahtcs obtainecl b1. Ihrnter el al.r5 shori,s, at R:
2.00 r.rr., for example, a diffcr-cnce of atrout -0.19 cm- r

(the dilTerence ast.rnptoticrrll,r. appr.oaches zer.o as R
increases) . 'lhis is irr sal.isftrctor\. igreenent with the
difference -0.16 cnr-l betlr.een \\rincl's valLre for the
energv of the grorrnd vibrationai state ancl the result
of the present rvor.k. Iirrrt].rer conlinuation of this itrter.
pretation i-s obtained Lrr- cornparing the adiabatic
energies ior r':0. 1 state of II:+ (K-0) calculated
b1' Ilunter and Pr-itcharcl:r s.irh tlit: resuLts shori.n in
Iable \r. f'he dilferences are 0.0.1 cni*r anci 0.00 cm-r.
respccti\:el]'. In the case of I)1+, there is consiclerable
rlisagreenrent with the energ-\: Ievels calculated bl.Dunn
(a s1'stematic difierence of about -10 cr-r..-r) rvhereas the
highly' ar:cLtrale Dzi grorrnd-st:rte l,inrling errerg\- re-
porterl bv Hrinter and Pritcharrl:{ is rvithin 0.03 cn,r-.r
of our lalue. In part, the dilTerences rvith l)unn's
euergies fr-rr D.:- ntar. be attribi.rted to the inclusion of
nLrclt::ir rlotion correction in the prcsr:nt n,ork. On the
basis of these considerations, il is conchicled t.hat the
eigenfunctions calculated in this s'ork refer to enersr.
Ievels that are rvithin 0.1 cm*.r of the exact nonr.l"-
tivirt ic ldirbaLic vllrres.

a

a

thors, it is evident that the agreenrent with Rcrthenberc
and Davidson for Hr is verr, goocl. For I),, howeverl
the present resLrlt differs froni that obtainecj br. Dr-rnn
b1'about 15c{,. Oomparison of the presenl resrrlis rvith
electron in.rpact e-rperirnentrLl dcterminations of the
dissochtive ionization probabilit.,.:: inclicates fair agr.ee_
nrent for the case of hydrogen and some tlisagr.eentenr
in the case o{ deuterir.rrn.

ACCURACY OF THE CALCULATION
'I'he accuracl' of the calcr,rlatecl Franck_Condon

factors mav be tested in severai war,s. |irst, enersv
eigenvalues as wcll as eigerrfuncti,rns her.c been clete-i-
nrined. These nrat.be conipared u,ith the resrrlts of other
highlv accurate caiculations. Second. it is nossible to
perfot'm silnple trsts of thc nrrnrer-icll sohrtion lechrrirr,:e
bv determinlng the dependence of the olerlatl;i.-r"l
on the. integr:Ltion step lenglh, the range of iniegra.tion.
etc. Alsc.r, the inflrrence of ncglected irrtcractioni (sLrcir
as relirtivistic corrections t<; tlte clectron energr.) ntirst
bc considererl.

Sonre of t.he rcltationless energ.,. levels of FIrf and of
I)1* ilre shown in lfatrle \,', u,here thev are conrpal.ed
with the rcsults of Windr{ and of Dunn,e respectivelr..
Sincc \\'ind's Icvcls for Hz'corresponrl to tlrc'adiabatlc
potential curve, eisentiaill. exact agreement is e.rpected
for this casc. Intleed, the energv cliiTerence in all cases
anrounts to less than 0.2 cnt--l ancl decreases rapidl-r.
n-ith increasing u'. The srnali clifTerence-s in .l'able i' arc

ST:]1_$ significant and arc attributecl b1-us to the

..'j_9, A.Schaelier and J. trI. Ilastings, J. Chem. ph,vs. 18, tCr,lg
( 1950).

^:- _S. 
(',rhcn. D. i.. Jutld, anrl R. J. Itidr.rll, I'nivcrsirr. of

L alll^rnt3. .l.au renr:c Radiation L:rlx'ratr,rr., lr(. Ri. 8gtl2. l he
results are djsc.us,sed, but not tabula-ted, in S.'Cohen, D. L. J;dcl;and $. ], Riddell, Phls. I{ev. lt9, 384'(1960).

!. G. Ilunter and H. O, Pritchard, l. Chem. ph1.s. 46, 2153
( 1967).
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'!' K" .&:0 1 2 ,l 4 5
Ref. 9

6 (rf :0)

0. 03.142
0. 031+0

0. 03580

::: 0 03671

0.08585
0. 08581

0. 08815

::: 0 0e01i

0.1246
0.1216

0 t2i3

::: o 
::?u

0. 1389
r).1389

0. 1+07

: :: o 
:1l',

U. 1.)iJ
0.1325

0. 1332

::: o 
:::o

0. 1 145
0. 1 1.15

0. 1 1-t3

::: n:l1t

0.09262
0. 09263

0.09182

::: 0 0e12i

0.0i1i1
o.0iri2

0.070(rl

::: 0 06ee3

(.). 0.5392
0. 05393

0.05279

::: 0 0s206

0.039i8
0. 03980

0.038i3
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'Ieern III. (Conliruted'l

't' K" fi:O ')
l{ef. 9
({=0)

12 0
1

2

3
{
0
I
2

3
.1

0
I
2
3

0
I
2

3
.l

0
1

2
J
4

0
I
2
3
4

0
I
2
.)

0
I
2
J
.t

0
1

2
3
+

0
I
)
.J

-l

0

0.01592
0.0152-5

0. 01 528
0.0t422

0.01385

0.011.59
0.01i06

0. 01 108
0.01024

0.0099+

0. 0()E47
0.00805

0. 00807
0. o0i10

0. 0071 i
0.u)622

0. 00.589
0. 00.s90

0. 0053E
0. 00520

0. 00+-59
0. 00+3.i

0. 00,13+
0. 00393

0 . 0{)3 79

0. 00341
0. 00320

0. 0032 I
0. 00289

0. 002 i8

0 0()2.5+
0 00238

0. 00239
0. 002 11

0. 00206

0,00190
0. fi1li3

0. 001 i8
0 00159

0.00153

f). 00142
0. 00132

0. 00133
0.001 I 8

0.0011.1

0. 0010(r
0.0009s

0. 0009s
0. 0008i

0. 0008.1

0 , 000;7
0. 000i2

0.000i2
0. 0ut6i

0. 00060

0. 000.i-l
0. 00050

0.00050
0. ixtru.l

0. 000+2

0. 01.;91)
0.01fi.18

0.01532
0. 01686

0. 0153 7

0. 01 f .i9
IJ

16

l8

t9

0. 01 19i

0.011il
0.01236

0.01116

0. 0084t
0. 008i8

0.00tt()9
0. u1909

0.00813
0.00942

0.00976

t.). 00(12.1
0. 00616

0. 00.592
0 . 00(17l

0. 00595
0. 00698

0. 00725

0. 00162
0. 00+78

0. 00-136
0.0(u98

0.0(X38

0. 003.t.1
0. 00356

0. in322
0. 003i2

0. 0032.1
0.00388

0.0u05

0.002si
0. 00266

0. 002.10
0. 002 i8

0 . 002-11
0.00291

0.0030.1

t) . 0019.2
0. 001 99

0. 001 ;9
0. 00209

0. 001 80
0.00219

0.00229

0. 001.19

0. 0013.1
0.00156

0. 0013.1

'21
0,0010;

f1.00111

0. 00099
0.00116

0. rn09q

).2 0.000i8
0 . ()00E I

il. 00();2
0 0008.{

0 .()(n; )

0

I
2

3
I

0. 00056

0. 000s0
0. 000.59

0. 00050
0.00061

0. 00063



I.']T A \ I] K - C ON DO \ F.I, CTOR S 252{)

I'Asrl IIi. t.Cotttinued)

R" l--- n Ref. 9
(K:0)

0

0

0

0
1

2

3
.1

()

1

2
J
+

1

2

+

11

IJ

0 0003+

().000.12

o oo0z;

0 00018

0.00016

o ooor+

0 00005

0 0000.1

o. oooo+

0. 000.16

0.00032

t). 00031

0.0003i

0. 000:1 1

0.00037
0. 00038

0. 0001 7

0.00016

:::

0. 00ti1 ;

0. 0001 5

0. 0001(r0 00018

0.00016
0. 0001 7

0 . 0001.5

J

,l

0. 0000.i
0 00005

0. 0000)
0. 0000+

0 00001

0. 0000.i i
T

0 0001(r
0. 0()015

0. ()000.1

a

3'fltis state of the ion is not boul1.t.

'I'o test the crr.lculation nrethorl. I rlnt:li (,,onclon
factors fol II.2 ionization cijrr.cspl)n(ling to the case

Ii"= d = (.) *'t.r'c. t.orrLprrtcrl rr-*in{ an intc:rrL:i,rll :Lrl)
length ttice us lirrgc a-c that sho*-n in fable I. Tltc
tntegrirtion lintit-" rvere kept fireri so tlrftt oni-r, helf ris
Inan,\- uttegration points rver.e used. Iior. all st:rtes u.ith
i' -( 1 1, the courputer-l l;.rarcli-C.'dou {actors cii ilered
bv less tharr one part in 10a. For the states $.irlr 12:(r'( 16, the <leviation u.as less than three parts in 10j.
u'hile for t'' =. 17,18 the chalrge rvirs as large iLs foLlr.prLr.Ls
in 103. As a frrrther-tcst of thc nretliod. the oLrter.iri_
tegration Ii'rits ri'e'e clecreased br-J09i fro' rhe r..rrLes
shon'n in Table I Lrsirrg the sn-raller integration step
length. Iircept for the i,:19 state. the chiLnges iir
calc'.iiatecl Franclt-Conclon fector.s q{i,,, {}. 0. 0f u.ere
slrraller tiriLn the changes r.estrltinq f rom using the

iitrger integrrLtiorr step lengtir quoted abor.e, 'I.o test
the scnsitir.itl-of the hnal resulti to small errors in the
interpclatecl potcntial crlrve, two of the orisinal 6l
points for I{.2' u.eie or-nitterl (those at R: i.ZS n.u.
lund at 1t-1.50 a.u.). 'fhe interpolatetl potentill crrrr,e
rcsrrlting from this ch:Lnge is regardecl as somervhat
iess acculate than the cLrrve I.esrLliinq fronr use of thc:
irrll set of poinls. -\evertheless. thc conrputed virlr.tes
r.tf q(i',0; 0, Ll) rvere unchauged fror"'the vahLes shorvn
in f'able II. On the basis of these ancl other tests, $,e
c:onclr,rcle th:rt the computecl Franck_Condon Iactors
presented ir"r Tables II .I\r represent the results of the
notrleiatit-istic adialtatic approrin-ratir.rn to an accuracv
of at least one parl- in the last quoteci decintri place.

C'on'rpari-*on of the tlicclretical norrrelativistic elec_
tlonic energv of the hvdrogen atortr r.ith the crperi_
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T.rtm V. Ilolecular ion vilrrational lo,els ((-0) .,

TI I

This work
(cn]' t)

\\'hile the svstems lrnder consideration are known to be
strongl_\. anharnlonic, this anall,sis is, nevertheless,
in-structir.e and provides the central qualitative ideas
of thc <.liscussion rvhich follorvs. ]Jecausia full treatment
of the harmonic case is readill' accessible elservhere,:;
onh, the central points are ntentioneri here.

"fhe osciilator. potential, inclucling the centrifrigal
term, lrrav be *'r'ilten in the form

l'(R) -- (.u"2,'-lB"R"2) (R- R")r+[K(1(+ l)B"R"ri R).
(.1)

Ii.rpanding the second term in po\l.ers of the displace_
rnent fron equilibrium l:R-R" one obtains

Ref. 1{
(cnt-.t;

0
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i
8

9

-.2t 3i9.20 -21 iig.36
- 19 187. 8.5 - 19 188 . 02

- li t23.i6 --r7 123.91
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-13 361.01 .-13 361.15
--11 655.88 -11 656.01

-10 061.98 -10 06.5.10,8 586.65 -8.586.76--7 219.90 --i 219.99

-5 964.38 -.s 964.4.8

Dr+

l'his s'ork Ref. 9
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-17 172,42 -li 131

- 15 78.1.61 - 15 i14

-14 45i.09 -r1 1Ii
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* 11 978. 5,+ - 1 1 938
--10 825.il -10 i86

-9 729.57 --9 6()0
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3

4

5

6

d

9

' Energy in ctn-r \\.ith respect to Lhe dissociation limir.

mental ground-state energv shows that about 1 cln-r
must be attributed to relativistic ir"nd radiative (Lamb
shift) colrectic'ns neglected in the nonrelativistic theorr..
For the R:0 Linrit of I{.1+, these corrections anrount io
about 20 cn-r, At intemrediate R values ir is expectecl
t hat th ese correc:tions to the elect ron ener*,r. l,_" ( R)
rvill varl' smoothlt- betrveen the trvo ]initine r.airLes. It
is evident, thetr, that the t()tal effect on rlre II,. l)c,teli-
lial culve will be significantl,r' srnaller. than rhe .honges
resrilting fronr the inclusion of the diagonal corrections
for nllclear rrrotion gco(R) in thc rLdirLtc.Lic represcntir-
tir..rn u'e have used. As previor,rsll'noterl, I:r.anck-Conrlon
factors calculated in the clamped nuck:us (Born-
Oppenheimer) approsimation are ]1o1. signilicantlr.
nrodified b1' the adiabatic corlections. On the basis of
these considerations :rnd the argr,rntent of the preccding
paragraph, u'e suggest that the results presentecl in
'I'altles II-IV will not be tltere,l be_r.ontl the cltrotecl
r.rnceltaintv bv either tl-re inchrsion of relativistic and
radiative corrections t<l the adiabatic I)otential curvc
or bv a more accrLrate sc.,lutiorr techni,lire for. the adia-
batic problen.

DISCUSSION

it is possible to tnake a simplirred anal_t.sis of the
elTects of viblation--rotalion interaction within the
framervork of the harmonic-oscillator approxinration.

rr'here the erpansion is truncated lr,ith the ternr repre_
senting the second-order displacement from cquilibriirrn.
Ilv nreans of a change of r-ariable, the lineir tcrnr ir.r
displacenrent nal be eliminated vielling an hannonic-
oscillator fornt. f'his ncw eflective potential has a
nrinir-nirnr at

I'(,) =--3i- -2+- K ( K -L1 \ t2 (, -2n, 
3nt\

' ?':JB-R.3?-1-^l^tI) tt"\r-o,*o;/, (5)

t-R_i,:l 1

L

rvhich, for srnnll
forrn

K(1{+1) I

t.io-trr-+'r r-rF +n;tlR"' (6)

K vahrcs, mal'be approrir.uated in the

R,,i,,r.R"* (113.2,'a"2) R"1{ (K-| 1). (i)
'I'hus, a principal eftect. of vibration-rotation interac_
tion is the displacement of the radial coordinate of the
minimum to larger R valtLes s-ith increasing rotational
(lu:lutunt nLrnilrt.r. In tlrc hlr.nronic eplrroriniarion, this
<lisplacen.rent is propor-tional to 1( (fi * 1) ancl to
13,t, ,,t. -{s ir conscqucnce , the racli:tl coordinates of

II. VBfiAiONAL I-GENF|JNCTON FOR V''9, K.O
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p1{r. qlxi/Rloi
n(xies and loops of the vibrational eigenfunctron are
also e-rpecteri to be displaced in quuirtitativc corre-
spondence to the shift of thc potential niininrum, Since
the overlap integral, Eq. (2), is sensitive to the relativc
node position of Lwo distinct eigenfunctions) irn ap_
preciable cancellation effect might be e.rpected for sorr,c

!ands Using harnronic-oscillator functions appliccl to
I{3 ionization, this effect hers tieen lound.r3

The influerrce of the eract ccntrifugal potential ior a
reirlistic clscillator model can be clirer:tiv studietl br-
c()mpaling fcaturcs of tlte cornpurctl eigenfuncLiur,. ,r,
the;' varv rvith increasing rotational (lrrantuln number.
In the {ollowing, we quantitiLtir-elj describe sonrc
feattrres of the compr-rted H:+ vibrational eigenftrnctions
from this point of vierv. Figure 1 showi the r,,:9.
K:0 eigenfunction of the hldrogen molecular ion .rs

:l a\, .a.:1

I

+ca-j
I

: a t ?.,

l;t,:. l. (iutcrrnosl nurle of Hr-
sariation rrith incrcasing rotati,rnal
the crpanded scale of the abscissa.

cornputecl in this rvork. One propcrt,\. ri.hich nrar. bt:
runarrrbiguousll. e.raminecl is thc behavior of rhe r,t.lir,l
coordinate of each norle as ir fr-lnction of A..I.his be-
halior for the cuternrost nocle of the r,, - 9 eisenfrrnctioir
is shon'n in Fig.2, g'here onlv the rclevent part of the
eisenfunction for each valrre of d is pl(,tt;d r.rsing a
nnrch erpanded scille . The clisplacerrretrt of the nocle to
lalser /i valLres u.ith increasirrg K r.aluc is evident as is
thc increasing magnitr,rde of the ilisplacen.ient. As iln
iLid in deducing the sr.stenriLtics of tIis nurle displace_
ment, \\'e define the ciirlensionless quantitr. p(1i) b],
the relir"tion

p(K) = R(1r)/,/i(0), (8)

rvhere 1i(A) is the r.rode coordinate for rotarional cuan_
tunt ulLmber .L nnd R(0) is the coorclinate for i:0.'I'his quantitv is rrniqucl,r' detined for each nocie of each
viblational eigenfunction. For conr-enience, ttre noc_lcs
m'.rv be indesed in order of occurrence l.ith increasing
rarlial coordini,rte ( thtrs. Fig. 2 shon,s the behavioi
of node 9 of the u,:9 eigenfunstion).I.he behavior of

c

. Irrc. 3. Dependence of
tronal quantum number
eigenfunction.

p(K) i-" illustrated in I;ig.3, where the quantiry p(K)_
1 is plotterl as a function of K(l(*1.) ior fire nodes of
the l':9 eigerrfunr:tion. Iior clarit.r., the graphs of the
even nodes, which fall between thc iorresponcling
graphs of the odd nodes, have been omitted. From thii
and sinrilar graplis for other e, rrahles, p(K) is founcl
to be rvell rcpresente(l b1' the erpression

p(tr) :1+[aR./R(0)],((,r+1) (e j

fcrr ail nodes of all r,, r'a|.ies an(l for the range oI d
values considered in this paper. Thus, even lor thc
stronglv anhir.rnronic potential functions here con-
sidered. rhe representation of l,q. (9). analogorrs in
form to Eq. (7). holds to the accrlracv of the cletermina-
tion of the node coordinate. 'fhe rlrrintitative behavior

_tro 20 30
K(X+t)

.retiuced nodc coorJinate p1X) on rota-
lur ltve nodes of r':9 I{r+ vibrational

-------T- 

--_ 
---- --.i

2.O 30 4.O 50
I {o) (0.0.)

rate of change of reduced node coordinate
_on node coordinate lor X:0. Shorvn are':1-9 vibrational eigcnfunctions of IIl+

4:_^
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irtc. .1. Dependence of
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of AR/R(0) and its relation to the preclictions of the
harmonic-oscillator- motlel arc consider.ecl next.
. Y::.g^.the representation of Er1. (9), a r.ulue 9fAR/R(0) may be deternrinetl fro,n ihe'sinpes ol graprhs

like Fig. 3 for each nocle of each tr, eigen{Lriction. Since
each node is correlated q,ith son.re definite r,aluc offt(0), the behavior of the complete set of calcrrlatecl
ARi R(0) value_s can be stucliecl as a frurction of R/0).A graph of all such vaiues for t,,:1 throuqh,,:i i"
shorvn itr Fig. 4 for both H"+ ancl for Drl-. Sg,cral
featules are evident f ron.L this gr.aph : tlie r.elatir-e
insensitivitl of ARlR(0) r.alues to i,l r-hc snrall cle_
pi.ndcnc.e of JR R((t) on R(0);nrrtJ rhc rrhr.iorrs isotopc
elTect (in the inr.er.se ratio of thc ntolccrrlrrr reclucecl
n.rasses) . An addition:rl feattLrc rvhich is not cnlite as
apparent concerns the uragnitude o{ the AR,,R(0)
values. Recalling the f<xr.n oiEq. 1Z;) we ltote that the
Io\\'est ol'der vibration-rotation inieraction coristant
,r" is. in the harnronic-oscillator appr.orirrration. given bl

a,>-6]1,.2,,a., (10)

rvhich is of the right order of ntagnirude bLrt of the
wrong sig_n as compared u'ith enrpiricallr- cleternrinecl
r.alues. Nevertheless, As ir. fir.-.t ipproxin.rr.tion. one
rnight erpect ttrat. bv analogr.

AR-/R(0)rCcr, c'. (11)

\/alues oI a"f u" for llr+ zrnd D1'.. detenlinccl fr.or., the
conrputed enetg\-levels. are shou.n as crosses in Fig. .1

rvhere thel' are plotted at R(il) :R.. Evirlcntir.. f,rr
this clsc. C is close to rinirr.. f'he r.er-r.gourl rtpprurinr,r
tion lepresented br- E-q. !q) \\.irh AR.-ft(O.) given 1,1.
a",,co" prrovides ll.re logical ertension of the. precer.lint
cliscussion bascd on the: har.nionic-o_qcillator. nrodcl.

. \\rhiie this representat.ion of the displiLceurent of R,.
is secn.to be quant.itativell accuratc, ir is inrpot.tant
to realizc that it is the relaLiz,e clispliLcr:rtrcnt of thc
rninima of two distinct potential .r.,rr... as a frrnctior.r
of increasing rotational quantlin.r nrrrnber that ri.iii
determine the magnitude of variations in the l.-ranck_(london factors. Onl-v rvhen thi_s reliLtir.e .ti.rfln..n.,.nt

beconres an appreciable fraction of the de Ilroglie
war.eitrng,rh of the vibr.ationir"i eigcnfunctior.r u.ill signin
ciLnt vir"riations be,tbt;rinr:C in- the corresponding overlap
tntegrals. 

.Fronr this poin1. of .,ie*., ,:,ne musl consicler
the quanttt\.

6fr,r,,=[ft,'([-) - R,,,(K,,) l* (R,,*_R",,) 112a)

: (a,"u,,') R,,1i(h- l-1)

-. (u",,,'a,,,,) R,,,,K,,(K,,+1\ . (12b)
where the sinrlh- prinrecl n-rolecular constants rcfer. to
the ion anri doribh'prirrrecl to the neutral. 'lfo illu-qtrate
lhe,-Lr'gnitr.rdc i'r..1'ed, c.nsir.ler trir"nsitions betu.cerr
the -state /{',:3 ancl t}re states 1{=,5, 3, 1. Equation
(12b) eiles rela.rir.e shift.s of -+_0.01.5i, l_0.0025, and*0.00+g A. re-{pectivclr., rvhir:h are a- s*rall f;.;i;,,
of the cle Br.oglie rvavelengtir of the nrolecular srouncl-
stale r-ibration (I.:0.i8 A). T.hrrs, a relativelr.small
lariation ri'ith rotetional state of coruprLted l-.rauck-
(-onrlon f:Lctor'. i-s e rpected for transitions originat ingin this vibr.ational level. BLrt note thu"t ft,r: highei.
librational sratcs. the der llroglie u.a.r,elength is de_
cleased r"ncl a larqer cfiect is prr:clictecl. The iensitir.itv
of I;ranck-Condoit fat:tors to snrall clisplace ntcnts trf the
separrtion of thc protential ntininra fcrr transitions be-
tu-een r-iblationallr- excited statcs ha-c becn en,rphasizecl
in. the highh' accurate calculations t>f 7ue.26 tl.h. 

"p_plication of the idt-.as cleveloperl in this prr,rgr.aph io
liaud sr'-stenis of I{1 and to other rtrrileculiLr. sr.sterns is
, liscrrsscd cl:rrr Ii.1'..rr
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