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Calculateri !'ranck 'Condon factors. explicitlf including previousll' neglectetl vibration-rotation inter-
action elTects, are reported for,{50 Lvmalr and 24 Fuicher bands of the hvdrogen molecrrle. I-arge r:on-
cellation efier:ts, depending on rotational quanium nLrmber. are found for a nurnber of I-vrnan banrls. \\Ihere
comparison is possrble, the results show good quaiitative agreement *'itli c-rperimentalll'dctermined
intensity'distributions. Using alternative representations of the B tt.lpotential curve iuppcr sti{te of
the L1'mal bands) it is shown that the calculated intensitl'clistribution for some brnrls rre highh sensitire
to detailed features of the n:olecular ootential curves.

INTRODUCTION

In a recent communi(:ation we reported sorne un-
usually large vibration'rotation interaction effer:ts in
calculated lrranck-Conilon factors for the II2 Lvman
bands.r In a subsequent paper similar, thor,rgh quantita.
tively smaller, variations were reported in caiculations
pertinent to the ionization of II2 and D:.2 It is the pur-
pose of the pr+:sent paper to amplif-y the preliminarl-
report concerning the L1'man bands and, in addition,
to report results for the Hr Fulcher bands.

When the centrifugal potential is explicitlv taken
into account t.he Franck*Condon factor apilropriate
to the electronic transition (a' , J')-+(tl', "/") is given hv
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rvhere d'",.r,(R.r and 5".,,t,'(R') a.re cigelfunclions c,f
the nuc:lear motion {or the tlvo stat.es. For lX states. the
eigenfunctions rlre solutions of the Schriidinger equation
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in which p is the rnolecuiar recluced nrass ancl .E,; is
the energv eigcnvalue appropriate to 6"t. I)revious
computations for the Lyrnan bands, rvheLher based on
the use of ,lvlorse potential functions3'a or on potential
curves constntcted by the R1'dberg-Klein-Rees
method,s have not included the cffects of the centrifugal
potential. 'I'hat is, it has been tacitly assurned that the
principal effect of the rotational energf is a shift of the

t9l1tl!11] curvr: by, a <:onstant energy rlisplacenrent.6
* \\'r,rk sultprirted in lrart b;' the National Scicnce Irouudation

and in part tr.v thr: i\dvancecl Research Projects Agency.
_ t Present adrlress: l)epartrnent of Physics, Universitl of Cali,
fornia, Los A:rgeles, Calfi.
, t D. \rillarejo, Il.. Stockbauer, and \1. G. Inghram, Chem. Phys.
Letters 2, 11 (1968).

'? 
D. Villarejo, "Vitrration -Rotation Intcraction lr{Iects in

Calculated Frarrck*Condon liactors. I. Ionization of II2 and
D,," J. Chem. Phys. (to be published).

a I{. \\'. Nicholls, Astrophys. J. l4l, 819 /1965).
a \'I. Ilalmann anrl L Liuiichi, J. Chern. I;hys. 44, 239tj (1966).
5 lr{. llalmann and l. Laulicht, J. Chem. Phys.46, 2684 (196i).
'-(-] ji Gitrson, O. K. ltice, and N. S. Bayliss, Phys. ll.ev.44,

193 (1933). While these authors recosnize that inclusion of the
e\act centrifugal energy lcads to a slight distortion of the potential
curVc, the)' argue that this effcct is negligible.

This assumption, erluivaient to the rigid-rotator ap-
proximation, is most severelv tested in calculations of
['ranck-'Condon factors for eler:tronic transitions of
light rnolecules, an(l espe<:iallf if the transition involvt:s
states with appreciatrll' different poter)tia1 curves.i Not
onlv are the 3t)"r (excited-state) and the ,Yr)nr
(grorind-state) t:urscs uf tht' L; rnr,n s\'stem quile
different but, since this is a )-) transition. onl_\'P an(l
R branches occur. 'Ihe rotational angular rnomenturr
necessarilv r:hanges in all transitions of the spectrurr
tending to ernphasize further vibratior-rotation inter-
action efiects. R,v wa1' of contrast, the Fulcher bands
arise from the transition dsfIu-+6,3Xr* for which the
potential curves are quite similar.8 For this band sr-sten
somcwhat smaller vibration-rotation interaction effects
in intensities are expected. Previous computations have
not int:luded thc centrifugal potential.e

METHOD

Solutions of the Schrirdinger equatit)n \\ere obtaine,l
by replacing Iiq. (2) with the equivalent iinite difTer-
ence equation which is solved numericallv lrl a conr-
puter procedure. f'he computer progrirrn l'e h:rvc rrsr:,-l

is discussed in l{ef . 2. l'or all of the computated Franck
Conclon factors rve have used an integralion stcp lengr 1

of 0.005 atomic units. Inner ancl outer integration limit-r
for Eq. (1) rvere specified consistent .;vith accuracl ir
the result. 'I'hese arc sumnrarizecl in l'able I where ll'e
also indicate the rairrge of (r.,', a") r'alues for *'hic:r
complttations have been contplcterl. Since result-. *'ere
c,btained for several hundred bands of the Lr-nra'r
s\,stem and, except for a few bands, irrcluded 17 line-.
for each banri. it proved colrvenient to have the cont-
puter punch the results on cards as well as list them ir
the output. r\ separate progran, called som. uses these
cards as inpul and will contmand a partial or compietc
Iisting in anv si;ecitiecl order. Photographic copies r f

._ll C II. I-earner, Proc. Ror'. S,rc. (London) A269, 3i1
( 1962) .

. t Oompare, for example, the published molecular coDstants
i! G. Flerzberg, Molectilar Speci.a o.nd. Moleaior Structure. i.
l_fecha ol Diolonic.Moleu+les (I). \'an Nostranrl Co,, Inc., \e,r'
York, 19.50), 2nd ed., pp. 530-531.

e \\'. C--. Price, Proc. Ror'. soc. (London) A136, 264 (19321 .
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the r:onrplete listing a.rc available.r0 It. is trelievr:d il,at
by using this procedtlre thc pussibilit_v r.'f manriirl
cop)'ing errors has bcen elinrinated. Because corlplita-
tions for the liulcher bands involvctl only a feri- bands,
this procedure was nrtt rised.

Potential functiuns for the lJr),'' (r.rpperr and the
X l)cr- (lower) electror.iic states of thr: Lvman s]'stcrn
were those cal,culated theore ticalll- b1' Kolos arid
\\rolniewicz and include the diagonal correction-s for
nuclear motion.lr That is, the present u'ork is carried
out in the adiabetic approxinration as cli-stinct from the
c lampe,l nticltus. r'r lir,rrt OpJrrnheirrirr'. itl)pru\iitra.
tion. It should tre not.ed that e previuus calculrrtion of
Iranck-Condon factors fc,r the Lvrrirn brLnds.i x-hich
clid not inch.rcie the effects of tfre centlif L:gal pr:tenti:ri.
was basecl on pc,tential functiorrs constnicted fronr tli,,
--"-.i-.o"t"l rlrtr "sing tlic Rydberg Klein- Rees
method.r! While the theoretical acliabatic and the RKR
curves ft>r the ,I t:r+ gr()und state ?.rc in ercelient
agreement, the cr-rrresponding curves for the ll 1:,,'

state are knou'n to dilTer sorner','hat, pirrtictilarlr- in :hr:
region of slnall in.tt:rnuclcar separation.l3 In 3. conll)letel\'
separate calculat.ion l'e have conrputed Frirnck- (-'onclan

factors for sr:lectecl Lvman bands, inclr,rding r-it.,ration'
rotation intcractir.rn effects, using the RKI{ cr,lrve ior
the B state. 1'he comparison r-.,f these results r.,'rth thcse
obtained r,rsing the theoretical adiabatic cun'e fr,r t.he

ff state is discussed in a later sectic.'r.r of this paper.
Hou'ever, it shorrld be ncited tirirt the RKR r:urve shol's
ir defect at the innermost turning pcints r','hich casts
doribt.s on its reliabilitt. for vibrational states ncar the
rlissociation limit. Frtr thcsc highll' erciteci r-il;r'atirtnal
levels the inner lr.rrning points er:hibi', an anomalllis
increase in value with increasing vibration:rl qLiantur-n
number. 'I'his plivsicall-r' urrre asonable rc-"rrlt l'oLrlcl
appear t o be related tc uncertair"rties in the crperi .

'IlsI-r I. I-irrrits of intesration for the l-r'rnan bands.

Inner
limit

Uuter
limit

(] A I, C U L A T I' I) IT R .\ N (] K . (- O N I) O N IT,I. (J f' O R S . I I

T-llrr: II. Snectroscooic constants usecl to construct RIIR
potcnr ial curve, drll, stl:e.

Rotational
con stan t,(o

Vibrational
cortslantst,

Limits.rf inreqration ft'r the I'ulchcr barrds

z' - 0-3; r" : O-5 0. 50 a.u. 10. 00 a.u.

-:::: ._:_::-_.::::a-:-:__.: ::-:-. _- - ----:--
; i";i;. u.. being depositerl as I)c,cument \.\PS-0i)163 at

ASIS National Publications Scrvice , c/o C(ll{ Inf ormation
Sciences, Inc., 22 West 34th Street, \eiv York, N.Y.; plr:asc
remit $1.00 for microfrche and $3.CS for photocoDies.

n \\:. Kolos and l-. Wolniel'icz, J. Chcrir. Phls. 41, i663 (196-l) 
;

43,2129 (1965);45, 509 (1966).
r2 For the BrX"' state see '1. Namioka, J. Chcnr. I)h1's. 43,

1636 (196s).
13 See the dist:uss,ion in W. Kolos ancl L. \\'olniel'icz, J. Cl:cm.

Ph1's. 45, 509 (1956). Possible limitations of the adiabatic ar,
proach for the B 1.),,' state are further cliscussecl ei-qeuhcrr:: \\'.
Koios and 1,, \\'olnit:rvicz (unpublished).

tr : Jtl. .)Cli Cm '

a.:1.5.1-i

1.. 
.-- 0 . 00 131

az=. l,)t,).1.\Cm'

aex.:66.3)+

@.),'= 0.90.3

a"z,:0.0t9

a Br ancl a. values cbiained frorn G. II. Dieke aid R. W. Blue, Pi:1's.
Rcv. 47, 261 (19.t.5). 1'l,e 7r lalue Nar estimatei rt analysis of tlre e:.:6f'
levels ior !iris -:ta!e li:teLi in G. il. Dieke, J.:,1o1. S:-ectry.2,494 (19iS

! UL)!arned trorn U. \i. it.ciif,rdso0, llclecrlar ij'."'rl.qcn cild Ils Spec:rr,.,
iYale l--riversit,v I)rrs:, \crr llaven, Conn.. l9.ii., p, 3a)1. Richar!:cr
gi\'e: ain erprL:ision fcr.J-r in ;ro\r:rr of v.'fhi-. rx::e::ion sas transfo:::ei
to the nrore rtsrral G t: ; it) oatair the consta:rts iia:.:: :.bove, These cor:i::::::
tliffer slightJy frorn tho:e retorted by l)ieke mC Ele.

rrrt:ntal ciata ilprrn r'.'hich the tnttth.rd is based.ra To
overcome thi,* defeci \1 e have mcdirit:ti the RKR cu:r'e
L'r'irtting iin r:nrlvtic 1;cwer lalr'io ihat portion of :he
ci r\'fl c{rt'TFi:),,' di; ,r 1rr Iu\\'r I t' -rtt'-:u: lnd ertreur,latin:.,. .. 'i,
thlt frt;ir'ii,':: :hrt'.igh tht' ttncFri.i:i:. I,rti,,tt.

In the cese of the liult:her t)iln(ls',re have used lhc
thecretical adiat.:.I ic irt,rter; tiai r;alc'.:latecl b1' Kclos :.lrti
V,'oiniel-ir:zr: fcr i.hc n3)r+ st.rie r',hilc {or the d''II,.
qtrro it rrr,,r-*r] n,raFqqrrr-.- ,- ^-,-.-,.---:\' to ()ol):rtni(-i a potential curve
u-.ing the RKI{ n-rethod.16 'l'he s1;cc:ilr-.cc,pic constants
u-qed in this cal:rLlalirln irre listed ir'lable II and the
rrlfcnliAl crrvr-c,,r'iirrltcted in tliis i:,anner is shou'r. in
l'ig. 1 . -{l-.o sh.,l-n in thi-q lgure is the curve for the
c 3)ol siate. IJ_v contrast rl'ith the l,r'nran svstem. fcr
ri'bii:h bor.h iroper ancl loq;er statts are ) states, the
rlpl)er staie ci the Ful,'hc'r bancls is,:. II state. For ihis
s)'st€:nr ihcle t'i11 br: p L.r'anchc,i ai \','ell as P ancl R
l';:,nchl.s. -\l r, ^r'cr. lLIth,'uJh thc sta',es arc trilrlt t

staf es. $-e r-:i:i;e ihe identill:ati,.rr. J--;Ii r';nerc K is the
q'.ianiui: ri:liirer oi the t()tft1 rn,-'ie r:'.tlzrr alglilar rno-
lnentirn erciLLtiini; sJ)in (ca,.e D c,-,rilrling). -F'or thr: II
Strtu it i: :rrrg.'r;11'1 t1r rililjrir')riC'-.: t-:r t trttriftt(al l,,rtI
in Eq t2 r"-ith ihe ailciiticnal tiirirl --1:fi21'2pR: v,'ith

RBSULTS

Tirt' principal resulls oi tiris rrork are containeci in
tables li i:-ranck Conrloir facLor-. fi:,r 450 bands of thc
Lr-nran s,'stenl an(i 24 bands of the I'ulcher s'\'sten.r0

-Selectt-'d l'esults arc sho\rn in'I'ables Il-V. Ihe qLranti-
lies sirori'n for each entrv are a decirlal number ant. an
inttgt-1.'lht intcger is the i;,rr-''r:r ol 10 br. lvhich the
der:inrul n,.urrbcr is to lte rlrLLIiiDlied. Ttre donrinant

r1 This point llas becn cnrphasizerl bf iI. L. Ginter anri R.
Ilattino, J. (ihcm. 1)h1's. ,12, .l?.2'2 (1965).

1i \\'. Kolos ancl 1,. \\'r,lnierr icz tttnnrrt,li.herl) \\'e t|ank
Profcssors Jioio-. anrl \\'ornil'.i.;'i;' "r;i;c';h;; iesutt,r avait-
alrl.to rri i. r,)r'rnc, ,,i r, rl,lir:uli,,n.

1' S1;cciroscoPic claia ar;llrupriate to liie ril, conrl-.oncnt o:. the
r7 sia.te was usrrd in this c()u.rl)utation sincr it is known thaL rII,,'
conrl,'rninl l, r'tls l:t perrurL(d I'r'llic 0 )j.'stari.

r,':0-19; o"-0*13 0..35 a.u.

t' :2O-29; t" -G-14 0.35 a.u.

t':O;t":14 0.35 a.u.

10. 00 a.u.

15 - 30 a.u.

15 . 30 a.u.
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OISTANCE (A.U,)

influence of vibration,.rotation interaction in the results
for a nunrber of the Lynran bands is well illustrated br.
referer)ce to''Iiig. 2 rvhere the"value of thi overla.p inte-
gral for each of n;.ne P branch lines of the 7--12 bancl
is plotted as a furrctiort of. J". 'I'he overlapr integral is
seen to decrease with increasirrg rot:rtional quantr.rnr
number and actr.rally changes sign when -I,' ilcreascs
from 6 to 7. \\Iith furttir:r increase of ,/,, up to 9, the
largest value used in the present calculatiorr, the inte-
gral beconres nlore negative. IJecause the Franck-
(london fai:tor is equal tri the sqrrare of thc ovrrrlap
integral, this variation with -/" rvill rnarrifest irsr:lf a.s

a rapid decrease irr the liranck- Condon far:tor followecj

Tenrn III. I'ranck-Condon factors for p-branch lines of
srelected Lyman bantls.
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Irrc.1. Potential curves for thc
Fulcher b:rnds of I{e. The d 3II" curve
$as constructerl by the RKR pr,>
ceclure in the present rvork rvhile^tle
c 3)ri curve is that calculatcd therl-
rcticalll' bv Kr>los and \\'olniervicz.

by a subsequent rapid increasc. 'Ihis is illustrated i:r
Table III where the results for the 7-12 band are liste,l
and conpared rvith similar results for the 7-11 and 7-1j
bands. 1'he two-order-of-ntasnitude viiriaticin in calcu-
l;ited Irranck-(,-ondon factc,r obtlLinccl in both 7- 11 an,l
i-12 P branch lincs is easil-r' recosnizcd as sinrirlr' r
cancellation elTect. ll'hat is, the inteqral in Eq. (1)
I)asses through a zero (c:hi,nges sign) as a function oi
increasing J".

Large cancellation elTccts, {.rf otrt: order of rnagrritrrd:
or more. are obtained f or rouglilv onc-for.rrth of th:
Lvman bands for q.hich crlculiLions har'. been corr-
platcd. Some examples rvith r':6, namel), the 6-4, 6-6,
ant'i G-10 bands, \'ere discLtssed previouslr'.r In all of

LO

"'I
or-l

o.2

B r: - x r;
( 7, 12 ) EAND

P(J") 6RAt{cH

7.383-3 2.i94-2 3.018-1

s..5,{3-3 2.435-2 3.288-1

<r

Fz o

3.6,5G3 1 .901.-2

1 .9151--3 1 .22U2

6.i t2- 4 5.033.3

3.542-5 2. s70-4

2.01)4 4 3.323*3

1.109-3 2.31+2

2.200-3 7 .00G2

3.621-1

3.95G1

*.1/J-l

4.069. I
3.36+-1

a

o.l

o.2

0.3

J

?345678
ROTATIONAL OUANTUM NUMEER

,Ftc;.2. Variation of the Franck-Condon overlap integral fo:
th,e.7-12 Lvman band P lrranch rvith rotational qu"'ntr'inl nunbe:r Not calculated.
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the cases rvhere tliese large efTet:ts are foi.rnd the varia-
tion oi lhe calcrrlarted Franck--Condon factors with irr-
creasing rot:rtional quantultl ntrnrber is both snrooth iind
slsten)atic as in Lhe e\amples discussed above.

Bv u'av ol contrast rr'ith these results for the l-r'nrun
s)'slerrl, calculatcd Iilanck-Condon fiictors fri the
liulcher s)'stern sliow onll' a snirll etTect of viliration-.
rotation interlrction. 'l'his is illr-rstrated in 'fable VI
where rcsults for the 3.'3 and 3 ,4 Irulcher bands are
listed. In these erantples, rvhich are t_r'pical of the
calcr,ilated resrrlts for this btinti s-r'stenr. va.riations of
onl-v 25!,tn-50!i are obtained. As in the case of the
resrilts for tlie Lvnran svster)). the dependence of the
result on increasing rotation qtianturn nunrber is sniooth
and s1'stematic.'Ihe verv diiTerent tnagnitudes of
vibrzrtion-rotirtion interaction effects obtained in the
calculatecl Franck-(--ondon factors for these two-band
systems is furthcr discussed in a iater section of tiris
p3per.

As ntenlione<i previor.isl_r,. tirc tht:oretical adiabatic
potenlial curve for thc B t)"'r state rl'c have rrscd in the
L,r'mari band calculations clilTers somervhat frorn tire
potential cul'\.e collst.fuctecl from the experinrental data
by the Rvdberg-'Klein.-Rees mcthod. This rincertaintv
in the B state is irnlrortant onlv for thc inner limit of
the potential cu.rve (R<R,) , However. because the
equilibrium inteinuclear separation of the gror.lnd state
is about 1..10 a.u. *'hile that of the 1i state is 2.44 c,.v,..

it is precisel-r' ttLe small R portion of the upper-st:Lte

'Ilst-r:, IV, Iiranck- Condon factors for some bands of
the Fulcher svstem.

.3-.i bandR(r) 0(K) P (K)

0 _(. 409-1

1 5.265-1 5.5.50-1

2 5 . r20-r .5 , .54G 1 .5 . 830- 1

.l 4.9i.5-1 .5..539 -1 5,961-1

4 4.830-1 5.530-1 6.091-1

5 4.686-1 5..518 1 6.213-1

6 ... 5.502-1 6.s2i,1
7 ... 6.434-1

3 -4 band

0 2.i90,1

r 2.877-1 2.704 |

2 2.9(ts- t 2.706 -t 2 533-1

3 3 . 050-1 2 .709 -1, 2 .45 1-1

4 3. 136-1 2.i 1+-t '2 371-l

s i.221-t 2.720-1 2.297.-1

6 ... 2.729-t 2.22Gr

7 ... 2.159-1

(]ALCI,TI,ATED FRANCK CONDON FACTORS TI

Tenu V. Comparison of Franck-Condon factors for Lymln
system using alternative representations of potential curve lor
B r)"+ state.

Theoretical adiabatic
potential

R-vdberg-Klein- -Ree:r

potential

J P(J) R (J) P (J) n(J)

Rigid-rotator approximation using RKR potential curves:
6.9.s4*3 (Ref. 17)

G6 band

| 2.76i*3 5.376 3

2 2.062-.1 6 360-3

3 1 .4.;1-.i 7.3.59-3

4 e.37.3-4 8.33.s-3

5 5.242- 4 9.239.-.3

6 ?.19+4 t.tn2-2

i 3.83G.5 1 .06{J-2

s 1.005-5

9 1.83+4

0 ... i.11.i.-1

1 1.975-.1 1.14&-3

2 i .61G5 1.729*3

.1 1.708-5 2.469-3

.{.319-8 3.368-3

9.429-6 4.42+3

6 3.332-.5 5.611). 3

7 6.403-5 6.922-3

8 9.790*.5 .'.

9 1 .351-4

6-8 band

4 .435,-3 8.430-3

6.71O,3 9.582-3

.s 100-3 r.072-2

4.090-3 1.180-2

3. 1.5i-3 |.280_i

2.294^3 |.367-r.

1.533-3 1.436-t

8.848-4 1.481-il

3.302-4

6.677"5

2.681-3

1.572-3 3.419-.1

1.172-3 4.281-.i

8.596,4 5.273-.1

6 , 2U>4 6. 388-.1

4.39G4 i .616-.a

3.057-4 E.935-j

2.0674 1.031-2

1.333+

i.81i-5

t

5

Rigid-rotator approrimation using RKR potential curve:

-.::3:,i111!=:-
curve that pla-r's a cnr(rial role in tletermining lhe
relevant overlap integrals. 'Ihis is shorvn in Irig 3
\\'hcre rhe t\vo pulerrtiirl t rrrves are piottetl. Clerrll-, it
is the inner limb of the upper-state potential cu:r'e
which lies within the liranck'- (-'ondon recion f or all
vibrational states of the grorurd electronic state. \ve
har,e calculate(l some l"ran<:k'-Condon factors for bands
of the Lrmar) s)'stern using the I{KI{ r:urve for lhe
excited state. A ferv of these resrrlts are listed in l'able \-
n'here thrv arc c(rml)ared r.ith those obtained using
the theoretical adiabatic potential curve for the ex-
cited state. In acldition, \ve show results olltainecl bl
Halmann iud I-aulicht whir:h rverc calculuted usinq
RKR potential cun'es apprr-rilriate tci nortrotating nr,'le-
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several ways. Iiirst, encrg). levels as rvell as eigenfurrc_
tions have been comput.,i-Th..., ma1,be compared rvith
other accurate calculations. Secon<Jj severa.l'tests have
been carried out which permit one to estinate themagnitude of errors resulting front the use of the
approximate nulnerical integration technique. Finallr,,
frorn comparison of dre computed results obtaine<i usirg
alternative rcspresentations of the -ul..,ii"i- potent:al
functions, it is possible to infer the order of rnagnitu,Jt:
of errors attributatrle to uncertainties in the potentjal
cu rves.

. \\'ith regard to the accuracv of the computed enerll-\i
levels, n'e shou' in 'I'able \,'I some eigcnvaiues obtain,;din this rvork together with the iesults of another
accurate calculation. Small differenr:es ar€ notr:d
anroulting to-1 cnr-r, or less, in most <:ases. It is be_lleved that thcse differences likely reiler:t diflerent
c(ilnpu tational proce<lures. rt

'['a srr: VI. a"-:r,t3j:^1. 
::.:s.v,levels i n.hy.drogen l bindin g enerl1.vwlrn respect to the dissociation limit ).

r rhis work ,fJif#i.l.

o23

20

B rDu+, v' :O
cnt-I cm- r

-28 167 .31 *28 16i .2s

,..,r.,c 3. r","";l'J:I::;, ,l;?;""'""1, 
",r,i 

state or rr2'l-he up1r,.r .cur,ve J)oi;iti,)n relative tu th. Iuu..., iiaie las beenaltered Io clarrtv the presentation. In fact, the nrininra are seJ]a_rated bl about 91 T0rjcnr t.

r:ules.17 Great dilltrrenr:es in calculatcri Frarrck_.Condon
factors resulting fronr the use of alterniLtive representa_
tions of the B r)"+ state are evident as is the vr:rr.
<litTerenL variation of these factors rvith increasins rota_
tional quantunr number. 'I'his latter feature nrigtri'provc
to be useful in deternrining rvhir;h ,>f se.,eroi sl[htl-v
different Jrotent.ial functions most adequately desr:ribe.s
a given state, irs in the ltreserrt case.,Io illistrate this
large sensitivitv rve note that the ratir.r of Franck_Con-
don factors for the 1r( 1) and 1,(.i) branch lines is nearly
2 rvhen using the RKR curve for the B state but is
larger than i 1 rvhen the theoretical adiabatic curve is
used. A sirnilar large elfect for p-branch lines of the
6-10 band was n,lted in the earlier colnnrrinication.r

ACCUR,ACY OF TI{E RESULTS

It is possible to infcr concltisions concernins the
i_:_.:T.l_rl rhe calcLrlarerl l-ranck_Conckrn facto'rs in

_ 
r7 J'I. IIaLnaun and L Laulicht, ,,Supplemeutarl. \Iaterial to:Isotopc E_tTects on Iiranck-Co",ion i:J.i,,.i-."iii. -i,it.atiooai

lntensitl. Distributions in rlz I_vman, H;1\,;;;.;, O Schu,r,.nn-.ftunge, N1 First positive, 
.N, V"s,"',1-i"iri;;;';;' i.rr f ,r *x)

S-ystcrns Based on R.KIl. 
'potentii'ls. -r"lf!.'"i 

i:.ioit_conannIractors." ..I)ocument No. 92ti7, -lnl- eii-i]i.rri "ii:uti.ution,
I)rujcct, Lilrrary of (lc,ngress, tt'ailington, D.C.16ZZ.;.

| 28 128.23

2 28 050.40

3 27 934.61

4 zi 781 .9i
5 27 593.93

28 128.16

28. 050. 28

27 934.12

27 78t.i0

27 593.54
6 27 372.16 27 371.66

i 27 118.61 27 117.96

8 26 835.3.1 26 834.54

o32r' , t'-0
0 _ 23 297 . 8.5 _ 23 2g7 .38
| 23 231.21 23 230.71

2 x w8.46 2i w7.8s
3 22 900.63 22 899.96
I 22 639.26 22 638.46
5 22 316.30 22 315.35
6 21 934.13 21. 933.00
i 21 495.4i 21 494.14

. W, Koios and L. \\'olniervicz. .,Tables of Vibratiooal and Rotation..lEle15ies for.lhe B t>u', c rrl., anci o t>"'st"t., oi J,"'irlar"*., oro,r-cule" (unpublished ).

3i'trif, f, :''ilil"Ji'iiiJ;,Ji,:",,j,::lT.'ilj:.,i;3u,,i:/,,i;=,^

i!il,',xltl !?:i,',i:.111*,"{ip*,,T1,;,i;;d,f; ilTlli:5tli
ifri'f,r-!:'f ;,. _?;,{' ; f. :Tl:.:' llft :y *l*. : 1.,o.,x#itainties in_ this fundanrentai mtio -", i" io.:t .,,rr"Jiut. ,_utterrors to the 6nal result.

t\t\t
Lq
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The con.rputational methocl has been tested in several
wa1's. With hxr:d integration step Ierrgth the outer
integration linrit of 10.00 a.u. was extended to 15.0C)

a.u. for some transitions of the f-r'tnan s)'stent involving
(a' , t/') in the range (t)- 19, 0- 13) . Irxcept for lransitions
involving rotational states of a" :13 verv near to the

dissociation limit, none of the calculated Franck-
Condon facturs differed b1' as much as 0.5%; fronr the
vaiues cornputerl lr.ith the smaller otrter lirnit r-rf inte-
gration. In a separate test, the liniiLs of integration were

kcpt lrxed and the integration step length rvas doubled
to 0.010 a.u. Seliected results for the [,r'tnan ban<]s are

shown in Table VIi. These computations, as well as

sin.rilar test calculat.ions for this s1'stenr published previ-
ously', suggest that inaccuracics al.tributable to the
nunerical approximation scltertte are Iikelv rlf order
loA, or less, in the tnost ltnfavorable cascs ancl verv
likelv smaller in most of the results for the 1,1'rnan

svstcn]. Since lhe calculations for the Firlcher svstelll
pertain on11' to lou'-lr'ing vibrational states, it is likch'
that the computational accttracv is gleater for these

bands.
'lhe greatcst single sourcc of uncertaintf in this work

is in the potential curves acttlall)'used for Lhe R tI"+
state and for thc r/ 3II, state. From the comparison of tlle
calcr-rlatetl I'ranck Condon factors using, separate11-.

t.rvo alternative rcpresentatiorts of the B-state cttrvc, it
is eviderrt. that trnceltainties in the resrrlts for some lines

of sonre of t.lte l,1'n-ran bands nrav be as great as several
orders of magnitude. 1'y'picalil-, though. the uncer-
tainty'is a gc-rorl bit smir.ller. Nevel'theless, as is clear in
'fable \t, cancellation effects, attribrrtable to vibration
rotation interat:tion, are presettt intlcpt'ndent of rvhich

crlrve is actuallv used. l'or the ri state of the Iiulcher
bar.rds, tl.reoretical pc-rtential curves al'e not l'et available.
.\s a consequerLce) uncertainties are limited at Prcsent
by' the ar:crrracl of the RKR cun'e ll'e ilave consl-rttcterl.
However, because of the great sin.rilaritl' of the d- and

T.urr VII. Selected Franck-Cottdon factors of the Lyrnan
svstem calculated rvith diflering integration step length.

Rand
P(3)-branch Iines

A1t:0.005 a.u. AR-0.010 a.u.

CAI,C ULATED I.'R.\NCK*CONDON IiA CTOR S TT

Trsrr VIII. Calculated band strengths and experimental
intensities for the (2,', 0) Lynran bands.

'Iiris
rvork

Iland (adiabatic) "

I lus
rvork

Exptl.b (RKR)" Rcf. 1i't

(1,0)

(3, 0)

0.179

0. .580

0.2.5 0.173 0,t79

0.60 0.566 0.57(;

0.98 0.E92 0.E99

0.92 1.000 1 .00{

0.69 0.930 0.92:

0..50 0. i79 0.77(r

0.36 0.613 0.60:.i

0 .22 0 . .165 0. 45r;

0. 10 0. 3{6 0. 34t.

(),06 0 151

(0, 6)

(6,6)
( 20, 6)

(2-5,6)

(29,6)

(6,11)

(20,11)

(22, t4)
(2.5, 11)

t'26, 14)

(27 ,14)
!)Q 14\

1 .388-1

f. i08-5
1.505-3

5..508-3

9 .363-3

4 .5.50-2

8. 296-3

1.253-3

6. 0l 3-3

3.87G 6

2.980-3

1.01i-3

1 .388-1

1.709 ,.5

1.50.5-3

.5..508"3

9.363-3

4. .5.50 -2

8.296-3

1 .253*3

6. 013-3

3.882-6

2.980-3

1.071-3

(s,0) 0.906

(7,0)
(e, 0)

(11,0)

(13,0)

( 15, 0)

(1i,0)
( 19, o)

1.000

0.911

0. i39

0. 5(r0

0.407

0. 288

0.202

6 ltased on cak:ulated Franck-Condon factori using a theoretical adia-
batic porential curve for the iJ r),'state,

b Reference 20. Normrrlized so rhat (6, 0) banc inreiisity is equal to 1.0().

'Based on calculated Franck-Conclon factors using an RKR potrntial
curve for the B r:r' state.

d Bast:d on calculated Franck-Condon faclors u:ing RKR pottnlia.l
curves for nonrotatiug -rtates of Lhe molecrrle.

o-stale curves, snrail uncertaintics in the equilibriurn
constirnts u'ill likell' lrad to conrparaLivel.r' small un-
certainties in the calculated liranck^'Condon factors.

COMPARISON WITH EXPERIMENT

The calculated resr-rlts for the Lr-man bands are of
nrrrlicrrlrr ir,tolrit rr-r.rr thr,ut.lr c\l,eritttcnlal rlcLe-rrri-''1\l"""""

nations of relativi: line intensities are not available. The
anal)'sis of these bands, as observed in emission. pre-
sents some difllculties. I{erzberg arrrl llorve's ertensive
studl' of this band svstrlr'] include,l s'avelensth cit:ter-
minations for several hun<lre,l lines rvhich thel' ',r'ere

unable to :rssign.rs It is possible that. t.hesc difficulties
are relatetl to thr'unusuiLl intcnsitl patterns pledir'ted
b1' takirrg account of vibration-rotatiotr interac ion.
lior tirose bands rvhich are no\v onh' partiallv attah zed,

there is a g(rod corrcla:ion with the rr:sults of the pt'e sent
cllculation. For ,:ran'.ple, a large cancellation effect is

calculated for both -P ancl ft branch lines of 1ls,t-13
tiand. f'he predicterl intt:nsitv patlern indicates verv
slr-rall Franck-'Conclor: {actors for th,-rse Iines rvith small
,I" but mui:h larger fat:tors rt higher ./" r'alrres. 'l'he

analvsis of Ref . 19 shows just R(3) end f (-1) iclentitred.
An additionir,l r:onrparison of ,rur resrilt.c for the

l,r'nran svslern rvith expcrirlcrLt is irossible. T'he rellLtive
inten:it1' (,f t$'ent) (t,', ()) bands have been nreusured

b-v elcctrtrn-inll)arrt slioctroscop)'.:0 None of thcsr: brnds
show an appreciable carrr:ellation elTect in thr prr'sent
calculation. Band strengt-hs, based on a roonl-terrl)eril-
lure (300"K) distribrrtion of I.[: rotationa] stales, are
shorvlr in 'l'able \rIII along u'ith the crJrerimcntal

le (). Herzberg and L. 1,. Horve, Can. J. Ph1's.37, 636 (1959).
20J. Geiger and NI. Topschorvsky, Z. Naturforsch.2la, C)6

( 1966) .
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TesI-r IX. Relative intensities of -R(K-1) and p(K-{ l) lilcs
c,f some Fulcher bands.

Band L'.^fl I
Ratio of fine

strengths 'Ihis worl.

(0, 0) 4 0.85 1 .25 t.22

1.17 1.13

l 43

I .90

2 1.08 1.50 1.38

(3, 3) 1

0.82 1.25 1 .08

I .51 2.00 1 .86

2 1.00 1 .50 1 .32

3 0.84 1.33 1t2

- 
----I Reference 21, A rnore r(.ent unpublished cletermination shoF.s some

small rliflerences from theie resuits, Thi-r is rliscussec.l more fuily in Ref. 22qhich also contains data ior 6ve additional line oairs.

results. Also shown are b&nd strengths calculated br-us
which are based on the RKR potential curve for the
B 1X,+ state as we:Il as resrllts which do not inclucle
include vibration-rr:tation interaction eflects. .fhe 

rela_
tive Frirnck.-Condon factors based on the theoretical
adiabatic potential curves asree better rvith the meas_
ured intensities than do the calculated results based
on the I{KR curve. Nevertheless, therc is a substantial
svstematic disagreement betrveen the results of the
Iiranck-Conclon m,rdel and experiment, especiallv at
high vibrational quantum numbers. possible altcrrrative
theoretical descriptions are cliscr.isse<l in a Inter section
of this paper.

In the case of the l.'ulcher bands a clirect contDarisorr
of the calcr-rlated results with experimental cletennina_
tion for some inrlividual lines is possible. Ginsburg and
Dieke have ltla(le extensive intensity nteasurements of
a large number of lines of the I:Ir Fulcher-band systerrr.l
'I'hese meastuenent.s were: e.ttended to the D1 l.ulcher
lrands using nrodern techniques by Dimoc:k u.ho also
rcpeated mant' of t]:Le carlier lneasurentents in H".2: 

.I.he

principal result of these investigations rvas the fincling
that for virtually all lines of these band sr.stenrs Lhe
obserr-ed intensities could not bc related in a simple
rvav to the predictir_rns of the elementarl. theory,. In
Iarge part lhese deprartures from the theoierical moclel
\r,ere attribr.ttable tr., courplex e.rcitalion and de-excita_
tion mechanisnrs ar:tive in the gas discharge used 1o
cxcite the clesired sl)ecturrn. 'l'o circr.rmveni this r]ith-

culty trleasuretr]ents were made of the rnti<., of intensitie;
ol R(.1 - 1) and l'(l +-1) iines of selected barrds. Sinci:
thesc lines originate in the sanre upper level, the ratio oI
the observed intensities are expected to be inclependen:
of discharge conditiorrs (i.e., population and cle_activa.
tion mechanisms) . lirrr some ten cases this was folind to
be true while in other cases unresoived blends evidentlv
contributed to an irregular depenclence on dischargt:
conditions.2r Under the assurnlition that the Franck-.
Condon factors are identica] for all lines of a grven banc
(rigid-rotator a1>proxinration), thr intensitv iatios con.
sidered shor,rkl be given b1. the ratio of thc corresoond_.
ing line strengths, or Honl-London fornrulas

1[R(/*r))/rlP(J+r)):U +t:,rt, (3)

\a'here we have ignored the r4 frequencr, factor for lines
of a definite band. lrr none of the ten cases rnentioncd
above did the experimental ratios agree with Eq. (3) .
B,r' taking account of vibration.-rotation interaction
the results of t.he present pal)er shorv that it is necessnrv
to nroclifl' Eq. (3) to the fonn

1[R(/-1)] J*I q({, -t ; r,,, J*t)
Itl'U-+1)r : --;,rct.t t+ n (+)

I'he experimental ratios are cornparecl rvith the predic_
tions of nq. (3) in 'I'able IX. All of the :neasured rarios
are smaller than tlie ratios indicirted frorn Ecr. t.ji.
f'his is in g,.rt'd qrrrrlitrrtive agrceru(.nt u.irh the f,Lit thrt
the corresponding ratios of the calcr.rlated Franck_
Condon factors are less than unitr,. On the other hancl,
the rneasured intensit_v ratio is still son.req,hat snrallcr
than.rvhat is erpected from ihe use of [q, (il . '_f.lougtr
the discrepancy' i-r or1l1. in the range ci' 6li, 5tj/,, lte
trveen the Franck-Clorrdon rrroclel prerlir:tions basecl on
orrr cak:ulations and the experirr.rental tletern.rinations,
it apoears that, as for the L1'man bands, this sinple
nrodel will not account for the obsen,ations.

6 0.74

(1,1) 2 1.35

(2,2) 1 1..ss

1 .50

2.(n

DISCUSSION

'fhc fact that substautiirl cancellation eficcts are
found for the L_r'rnan bands br.rt not for the Frrlcher
bands rlal' be r.rnderst.ood within the framework of the
semiernpirical discussion of l{cf. 2. T.hat is, adclition of
the exact centrifugal_protential to the molc.cnlar poten-
tral appropriate to the nonrotating molecule leads toan efrective potential with a minimunr displaced to
larger internuclear separations. The magnitude of this
.lrsplaccntent *.as fourrd to be (o"/r") 1((K-l_ 1)R",
where K is the rotational quanturn number ancl the
other constants have their u.sual signifir:ance.23 For an
electronic transition one expects an appreciable can-.:lilf I'ir?,lli.f "1.!l;Tn,.o,liit;',f l:i;'i,l,H;lX'f,,i,.(ll"n'.1;

il,o?,,o.Ti*.,,' 
t hesis, Johns r{opkin, lroiil-rriiyJ' 1 es r G;:

s Tbese quantities are dehne<l anci discussecl in Ref. g.
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cellation effect in intensities if the relali,te displacement
of the minimzL of the potential clrrves of the tq'o st.ates
is an appreciable fraction of Lhe molecular de l3roglie
wavelength. Irrom the discr.rssion this relative displace-
ment of the minima is given by

5 
p = (a o' f u c' ) .K' (K' + 1 ) R.' - (o," / r !' ) K" ( K"'+ 1) R"",

(s)
which leads to

6R: K" (K"-t-|)l(ai /u"') R"'- (a"" f o:"") R/')

',1(K" + l) (ai / u"') RJ R branch

CALCULATED I'RANCK-CONDON FACTORS. II

+

Unless the potential curves are quite sitnilar the coeffr-

cient of the term quadratic il K" will ct-rntro,l the
variation of 6R with increasing K". In the case of the
liulcher bandrs the potential ctlrves are sirnilar and the
bracketed dill'erence is givetr bv

Fulcher bands:

(o"'/r"", R"'- (a"" f oo") R""=1.7X 10-.a a.u.. (7)

$hile for the Lynran bands this quantitv is

Lyman bands:

(a"'f a"",t ll"'- (or" /r"") R"":1.3X 1O-3 a.u', (8)

more than a {actor of 1i larger.
'I'o exarninr: this criterion more closcll' we conipare.

fol both band s1'stems, the shift in nrinimir. calculated
frorn Dq. (6) rvith a t1'pical de Broglie rvavelength.
For r,"-3 of the H2 grr)und electronic state tlre de

Broglie wavelength is roughll'0.64 a.u. From L,q. (6)
the 6R vahre ,:orreslloncling to R(61 branch lincs of the
L,yman s)'stem is about 0.089 a.u., an appreciabie
fraction of a rvavelength [this anloLlnts to a shift of the
rclative lrhasr: of eigenfunctions of about (217)n-]. For
higher 2," levcls, corresponding to smir"ller cle Brogiie
rvavelengths, an even larger phase shift is obtained. On
the other hand, consider the I"ulcher'band svstem. Itor
t":3 <tI the o3)r+ stat.e the de l3roglie rvavelen;th is

about 0.74 a.u.. and the 6R value-s corresponding t o P (6) ,

Q(6), and ft(6) branch lines are -0.010, *0.00.i, anrl
-1-0.023 a.u., respecl.ivelr'. 'llhese 6R values are a nr,tch
smaller fraction of a u'avelength and a cancellalion
effect is not expected at iow rotational quantunr nurn-
bers. Aiso, from the verv srnall 6R value for the Q
branch lines one expects that Franck--Condon factor,.
for !'ulcher-band p-branch lines will be nearlf inde-

pendent of rotational quantum number. 'fhis is in
in excellent agreement with the calculated resultsi.

Using the criterion discr.rssed above it is possil:le to
examine experirnental moleclrlar constants and suggest
other band s)'stens of IIz as rvell as band systems of
other molecr.rles in whicit vibration--rotation interiLction
efiects on intensities may be significant. Some systems
expected on this basis to exhibit cancellation effects of
this kind are the TI2f-+a,, AlH.4++X, CH+ z[-+X,
l-iII .4e+X, NH c----ro, and TIII c->X bands. It is likell'
that other band svstcms of hyriridc molecule';, f or
rvhich n" values have not been determined, also shorv
these unusual intensitl' distributions.

\\Ihile the preceding discussion provides a str.right-
{orward basis for undeislanding the signitrcant fe;Ltures
of the calculatcd I'ranck-.Clondon f;rctors. it is, sug-
gested that comparison of these results with experiment
wili not, bf itself , constitute a quantitative tt:st of
departures frorn the Franck-Condon principle. That is,
statcs of the appr,tpriate svmlnclry severelv pr'rturb
the B r:"+ and d 3II" (plus cornponent) states.2l't5 f'he
influence of these pertr.rrbations on the intensitl' ,1i-stri-

bution is not. at present, known and could be signi6-
canl. This point has l.reen previor.rsl.r'-sugg6slqdt.
account for the deJrarture of the intensities ob-"erv'ed
in thc lrulcher bunds frorn the sinrple theoretical mrldel.:t
As 1'et lhere hale not been calculations to cher:.< this
irossibilit1'.

\\'e w'ish to point. out tlrat the r;ancellat.ion effecls in
calculaterl Iirank-Condon faclurs cliscussed in this paper
are preciselv of the {orm tliscussed b_v (london and
referred to as "internal diffraction" b_v him.26 The
I)resent n'ork c:rn be regarded as an extension cf this
idea bf including previousll' neglecterl vibration.-rota-
tion interaction effects which are iml)ortant in light
molecr,Lle s.

As a hnal r)r)int it should be noted that in this work
rve have discussed the calcrrlation of the distribution of
intensity- in nrolecular band sr-sterns in tlte limit of a
-,-:..r.. -.. r:.r r.'-..'.1. ,-.ndor, rlrir:r.ille. i.t... the tnolcc-:r r l\.LrJ \ 4ltu I ldll\ -\.i -..-,-- 1..-... rr.vr

ular tlectri,nic dipole nrunrcnr dor* not dt'pend on inter-
rurrclear sepiirat.ion. It is knon-n that this is not s:-rictll'
trrre and thal, in lact, tliere mav well be an appreciabie
r-ariation r.ith internuclt:ar distance in some s)'stems.

-farnes has considered this sitrration and has dtriverl
results which shorv that srrall variations of Cipole
nlorrcnL rvith internuclear clistanct: tend to be amllitred
if vibration-rotation interac:tion efiects are iLpl,recia-
abie.2? Applied to the prescnt s'ork. i{ p(Ii) represents
the dipole rnorlrent function. then cxpansion of p(R

2' Iror the .B r),+ state sec A. I'Ionfils, Acad. Ro1,. Bell;. Buil.
(llasse Sci.47, 585 (1961): and also T. Namioka, J. Chem. Phy's.
40,3154 (196.1).

2i lior the d 3;q+ state see O. W. Richardson and K. Das, Proc.
I{oy'. Soc. (London) A122,688 (1929), and also G. H. Dieke
and R. \\-. Itlue, Ph1's. Rcv. 47, 261 (14.i5).

26 E. LI. Condon, Am. J. Ph1's. 15, 365 (1947),
'z? 

1'. C. James, J. Chern. I'hys. 32, 1i70 (1960).

0

-2K" (a"'f c's"') R"'

Q branch

P branch. (6)
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Clearh', if the..overlap integral (first term) vanishes,
ur is very srrlall, then the higher-order terms involvirrg
,.r: etc., will dominate. It is the function of the rrresenr
paper to point out that, the overlap integral may tn
fact vanish for reasons that have uut b..i previous-1.
suspected. A more complete thec_rretical treaiment wiil
necessarily involve inclusion of arr explicit <lipole mr>-
ment function as well the effect of peiturbations men-
tioned previsush'.

lQ',,r,tn)u{n)0" ""t',( R) dR
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